We show that a nef and big line bundle whose adjoint bundle has global sections on a nonsingular complete toric 3-fold with nef anticanonical divisor is normally generated. As a consequence, we see that any ample line bundle on a nonsingular toric Fano 3-fold is normally generated.
Introduction
We call an invertible sheaf on an algebraic variety a line bundle. A line bundle L on an algebraic variety is called normally generated (by Mumford [8] ) if the multiplication map of global sections Γ(L) ⊗l → Γ(L ⊗l ) is surjective for all l ≥ 1. We are interested in normal generation of ample line bundles on a toric variety. If an ample line bundle L on a normal algebraic variety X is normally generated, then we see that it is very ample and that the graded ring l≥0 Γ(X, L ⊗l ) is generated by elements of degree one and is a normal ring. It is known that an ample line bundle on a nonsingular toric variety is always very ample (see [12, Corollary 2.15] ). We may ask whether any ample line bundle be normally generated.
In general, for an ample line bundle L on a (possibly singular) toric variety of dimension n, we see that
is surjective for l ≥ n − 1 (see [1] , [10] or [11] ). When n ≤ 2, hence, we see that all ample line bundles are normally generated (see [6] ). We also have examples of ample and not normally generated line bundles for n ≥ 3. We know that the anti-canonical line bundle on a nonsingular toric Fano variety of dimension n is normally generated if n ≤ 7 (see [5] ). Ogata [14] shows that an ample line bundle L on a nonsingular toric 3-fold X with h 0 (L + 2K X ) = 0 is normally generated. In this paper we restrict X to be a nonsingular toric 3-fold with nef anti-canonical divisor.
Theorem 1 Let X be a nonsingular toric variety of dimension three with nef −K X . If a nef and big line bundle L on X satisties h 0 (L + K X ) = 0, then L is normally generated.
We note that there is a nef and big but not normally generated line bundle L on a nonsingular toric 3-fold X with h 0 (L + K X ) = 0. Combining Theorem 1 with the result of [14] , we obtain the following theorem.
Theorem 2 Let X be a nonsingular toric variety of dimension three with nef −K X . Then any ample line bundle on X is normally generated. In particular, any ample line bundle on a nonsingular toric Fano 3-fold is normally generated.
Line bundles on toric varieties
In this section we recall the fact about toric varieties and line bundles on them from Oda's book [12] or Fulton's book [4] .
Let N be a free Z-module of rank n and M := Hom(N, Z) its dual with the pairing ·, · : M × N → Z. By scalar extension to R, we have real vector spaces N R := N ⊗ Z R and M R := M ⊗ Z R. We also have the pairing of M R and N R by scalar extension, which is denoted by the same symbol ·, · .
The group ring C[M] defines an algebraic torus
n of dimension n. Then the character group Hom gr (T N , C * ) of the algebraic torus T N coincides with M. For m ∈ M we denote the corresponding character by e(m) : T N → C * . Let ∆ be a finite complete fan of N. A convex cone σ ∈ ∆ defines an affine variety
Here σ ∨ := {y ∈ M R ; y, x ≥ 0 for all x ∈ σ} is the dual cone of σ. Then we obtain a normal algebraic variety X(∆) := σ∈∆ U σ , which is called a toric variety. We note that U {0} ∼ = T N is a unique dense T N -orbit in X(∆). Set ∆(i) := {σ ∈ ∆; dim σ = i}. Then an element σ ∈ ∆(i) corresponds to a T N -invariant subvariety V (σ) of dimension n−i. In particular, ∆(1) corresponds to the set of all irreducible T N -invariant divisors on X(∆).
Let ∆(1) = {ρ 1 , . . . , ρ s } and v i the generator of the semi-group ρ i ∩ N. We simply write as X = X(∆) and
By definition we note that P lD = lP D for any positive integer l. Moreover, for another T N -invariant Cartier divisor E we have P D+E = P D + P E . Here 
Hence, we see that the surjectivity of the multiplication map of global sections
is equivalent to the equality
If O X (D) is generated by global sections, then all vertices of P D are lattice points, that is, P D is the convex hull of finite subset of M. Conversely, if for all σ ∈ ∆ there exist u(σ) ∈ M with
and if P D is the convex hull of {u(σ); σ ∈ ∆}, then O X (D) is generated by global sections (see [12, Theorem 2.7] , or [4, Section 3.4]). We also knows [7] that if O X (D) is generated by global sections, then there exists an equivariant surjective morphism π : X → Y to a toric variety Y and an ample line bundle
is generated by global sections if and only if D is nef (see also [9, Theorem 3.1]). Now we introduce a criterion of nef-ness on nonsingular toric varieties.
Proposition 1 Let X be a nonsingular complete toric variety and let D a T N -invariant divisor with |D| = ∅. If |D| has no fixed components, then it is free from base points.
Proof. Set dim X = n and D = i a i D i . Since |D| = ∅, we may assume that a i ≥ 0 for all i.
First we consider the case that P D is an integral convex polytope, that is, it is the convex hull of a finite subset of M. Set H + (a i ) := {y ∈ M R ; y, v i ≥ −a i } the half-space and its boundary hyperplane H(a i ). By definition (2) we see that P D is the intersection of all half-spaces
We may set i = 1.
Let σ = ρ 1 + · · · + ρ n ∈ ∆(n) be an n-dimensional cone containing v 1 . Since {v 1 , . . . , v n } is a Z-basis of N, there exists u(σ) ∈ M satisfying the condition (6). Then we have
and
nearest to u(σ) with respect to the Z-basis of the semi-group σ ∨ ∩ M. We may rename as u 0 = u ′ . We want to show u(σ) = u 0 . Let C(u 0 ) := {r(y − u 0 ) + u 0 ; y ∈ P D and r ≥ 0} be the convex cone spanned by P D with the apex u 0 . By definition, we can choose {v i j ; j = 1, . . . , t} with
We may set i 1 = 1. Define the convex cone τ in N R as
. This contradicts to the assumption that |D| has no fixed components. Thus u(σ) is a vertex of P D . Hence, O X (D) is generated by global sections.
Next we assume only that P D is a rational convex polytope. We can choose a positive integer l so large that lP D is an integral polytope. Since lP D = P lD , the line bundle O X (lD) is generated by global sections, hence it is nef. Then D is nef. On a toric variety, if D is nef, then O X (D) is generated by global sections.
Adjoint line bundles
Let ω X be the dualizing sheaf on a toric variety X. If a T N -invariant Cartier divisor D is ample, then we have (see [12, Proposition 2.24 
If we take a resolution π :X → X of singularities by a subdivision of ∆, then L = π * O X (D) is nef and big, and we have
In [14] we show that an ample line bundle L on a nonsingular toric 3-fold X satisfying h 0 (X, L + 2K X ) = 0 is normally generated. In order to treat more general case, we have to know the adjoint bundle
Lemma 1 Let X be a nonsingular complete toric variety of dimension three. If a nef and big line bundle L on X satisfies h 0 (X, L + K X ) = 0, then the fixed components of L + K X are reduced and for each irreducible component E of the fixed components we have
Proof. Let S 1 , S 2 be general members of |L| and C = S 1 ∩ S 2 the intersection curve. Then (2L+K X )| C = K C is the canonical bundle of C and h 0 (C,
Since |K C | is free from base points, |2L+K X | has no fixed components. From Proposition 1 we see that 2L+K X is nef. From [3, Theorem 11.8], if L+K X is not nef, then we have a surjective morphism ϕ : X → Y , which is a composite of blowing-ups of distinct points and a nef and big line bundleL on Y such that L ∼ = ϕ * L − F , where
Proof of Theorem
Let B := i D i be the boundary divisor of T N in X. We assume that B is nef. Let L = O X (D) be a nef and big line bundle. Then P D is an integral polytope of dimension three. The assumption h 0 (X, L + K X ) = 0 of Theorem 1 implies that (Int(P D )) ∩ M = ∅. Let F be the fixed components of |D +K X | and A := (D +K X )−F . Then |A| is free from base points. Since Γ(X, L + K X ) = Γ(X, O X (A)), we see that P A coincides with the convex full of (Int(P D )) ∩ M. We note that if −K X = B is nef, then D − F = A + B is also nef.
Before treating nef divisors on 3-folds, we need to know more about nef divisors on toric surfaces. For this purpose we heavily use the following lemma given by Fakhruddin [2] . 
By using this lemma we can prove the following lemma, which is an answer to the Oda's question [13] .
Lemma 3 Let A and B be nef divisors on a nonsingular complete toric surface Y . Then the multiplication map of global sections
is surjective.
Proof. Since dim Y = 2, in this proof we set M ∼ = Z 2 and P A , P B ⊂ M R ∼ = R 2 . We will show the equality
When dim P A = 1, a generator of the sub-lattice (RP A ) ∩ M ∼ = Z is a part of a basis of M. Let {u 1 , u 2 } be a basis of M such that u 1 is a generator of (RP A ) ∩ M ∼ = Z. By taking an affine transformation of M, we may set P A = {ru 1 ; 0 ≤ r ≤ b} for some positive integer b. Then P A + P B has two edges parallel to P A . Let l k := {xu 1 + ku 2 ; x ∈ R} for an integer k. Then we have a decomposition of lattice points in 2P A + P B as
We can apply Lemma 2 to line segments (2P A + P B ) ∩ l k .
When dim P A = 2, we can decompose P A into a union of basic triangles:
where a basic triangle means that Q i ∩ M has only three elements, that is, vectors of two edges are a generator of M. Since 2P A +P B = ∪ i (2Q i +P B ), we can reduce to the case that P A is a basic triangle. Moreover, when dim P B = 2, we can also reduce to the case that P B is a lattice triangle. Since a parallel transformation of polytopes by an element of M does not change the equality (7), we may assume that one vertex of polytopes is the origin. Set E 1 , E 2 and E 3 be edges of P A , and let m 1 , m 2 and 0 be three vertices of P B . Then 2P A + P B is the union of 0 + P B and 2E i + P B (i = 1, 2, 3) and 2P A + m j (j = 1, 2) (when dim P B = 1 it is considered as m 1 = m 2 ). Then we can apply Lemma 2.
We return to the case that B = −K X and A = D + K X − F in dimension three. First we prove Theorem 1 in a special case.
Since A is nef, we have
Thus the global sections of (8) is exact. Take the tensor product with Γ(X, O X (A)). When dim P A ≤ 2, we see that O X (A) is normally generated (see (1)).
On the other hand, Γ(B,
is surjective for any nef line bundle G on a toric variety X, from Lemma 3 we see that the multiplication map
is surjective. Thus we obtain the surjectivity of
By tracing the same argument after changing A with L = A + B, we obtain the normal generation of O X (A + B).
is normally generated.
From the Serre duality we have
Since
be an rational section of O X (A + K X ) such that its restriction to B is a non-zero element of Γ(B, O B ((A + K X ) B ). Set U ⊂ X the maximal open subset such that e(m)| U is holomorphic. Since U {0} ⊂ U and since e(m) is defined on B, we see that U = X. This contradicts to h 0 (X, O X (A + K X )) = 0. From vanishing of H i (X, L(−iA)) for i ≥ 1 we can apply [8, Theorem 2] to obtain the surjectivity of the multiplication map
Taking global sections of the exact sequence (8) and taking the tensor product with Γ(X, L), we obtain the normal generation of L from the surjectivity of (10).
Proof of Theorem 1. By assumption that L is nef and big with h 0 (X, L + K X ) = 0. We can find positive integer l such that h 0 (L + lK X ) = 0 and h 0 (L + (l + 1)K X ) = 0. When l = 1, if L + K X has no fixed components, then we see the normal generation of L from Propositions 2 and 3. Let F be the fixed components of L + K X . Then F = i E i ,E i ∼ = P 2 and E i 's are disjoint from Lemma 1. And we have
Consider the exact sequence
Since L(−F ) is nef, we have H 1 (X, L(−F )) = 0. Thus the sequence of global sections of (11) is exact. Taking the tensor product with Γ(X, L(−F )), we see the surjectivity of the map
since L(−F ) is normally generated when l = 1 from Propositions 2 and 3. By changing the role of L(−F ) with L we see the normal generation of L when l = 1.
Let
0 (X, A + (l + 1)K X ) = 0 and h 0 (X, A + lK X ) = 0.
By induction hypothesis, we see that A is normally generated. Following the same argument of the proof of Proposition 2, we see that L(−F ) = A+(−K X ) is normally generated. Then we apply the argument in the case l = 1 to obtain the normal generation of L.
Remarks
In Theorem 1 we cannot remove the condition h 0 (X, L + K X ) = 0. We give an example of (X, L) such that −K X is nef but L is not normally generated and h 0 (X, L + K X ) = 0. Let M = Z We cannot remove the condition that −K X is nef. Let M = Z 3 , and let Q := Conv{0, (1, 0, 0), (0, 1, 0), (2, 2, 5)} in M R . Here Q contains only (1, 1, 2) in its interior. Then there exists the polarized toric 3-fold (Y, O Y (D)) with P D = Q. We also see that this D is not very ample. Theorem 1 implies that for any toric resolution π : X → Y of singularities, −K X is not nef.
